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Unifying machine learning and interpolation
theory via interpolating neural networks

Chanwook Park 1,2,8, Sourav Saha3,8, Jiachen Guo2,4, Hantao Zhang4,
Xiaoyu Xie1, Miguel A. Bessa 5, Dong Qian2,6, Wei Chen 1,
Gregory J. Wanger 1, Jian Cao 1, Thomas J. R. Hughes7 & Wing Kam Liu 1,2

Computational science and engineering are shifting toward data-centric,
optimization-based, and self-correcting solvers with artificial intelligence. This
transition faces challenges such as low accuracy with sparse data, poor scal-
ability, and high computational cost in complex system design. This work
introduces Interpolating Neural Network (INN)-a network architecture blend-
ing interpolation theory and tensor decomposition. INN significantly reduces
computational effort and memory requirements while maintaining high
accuracy. Thus, it outperforms traditional partial differential equation (PDE)
solvers, machine learning (ML)models, and physics-informed neural networks
(PINNs). It also efficiently handles sparse data and enables dynamic updates of
nonlinear activation. Demonstrated in metal additive manufacturing, INN
rapidly constructs an accurate surrogate model of Laser Powder Bed Fusion
(L-PBF) heat transfer simulation. It achieves sub-10-micrometer resolution for
a 10 mm path in under 15 minutes on a single GPU, which is 5-8 orders of
magnitude faster than competingMLmodels. This offers a newperspective for
addressing challenges in computational science and engineering.

Emerging scientific computational methods are moving from relying
on explicitly defined and modular programming to the adoption of
neural network-based self-corrective algorithms. In computer sci-
ence, this transition is coined as “from Software 1.0 to Software 2.0”1.
The shift towards software 2.0 partially resolves the issue of labor-
intensive programming in Software 1.0 and has significantly
advanced the domain of large language models (LLMs) and other
foundational models2,3. However, adopting a similar technology in
the fields of computational engineering and science presents unique
challenges: generality, data-hunger, scalability, and sustainability.
Machine learning (ML)-based partial differential equation (PDE) sol-
vers do not generalize with the same level of accuracy as traditional
numerical methods4–8. Hence, researchers are cautiously re-
evaluating the effectiveness of the ML-based PDE solvers8,9. The

success of purely data-drivenMLmodels on sparse datasets is always
limited10. The scalability of the neural network-based solver is of
major concern when dealing with extremely high-dimensional
inverse system design. High-fidelity numerical methods with over
millions of degrees of freedom (DoFs) are often required for simu-
lating the additive manufacturing (AM) process or integrated circuit
(IC) at extremely fine resolution and multi-physics/multiscale
setup11–13. Furthermore, the solution is often unusable for different
materials or processing scenarios and requires repeated solutions of
extremely large systems. Finally, the energy cost associated with very
large-scale ML models is becoming prohibitive. The energy con-
sumption required to train the largest ML models increased by six
orders of magnitude from 2012 to 201814, and there are growing
concerns about fresh water consumption for cooling massive AI data
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centers15. Hence, the sustainability of this new generation of com-
putational tools will become a major concern.

In this context, this paper introduces an Interpolating Neural
Network (INN), a computational framework for constructing
machine learning models that emulate the behavior of PDE solvers,
such as the finite elementmethod (FEM)16–18, and a purely data-driven
tool, such as deep neural networks (DNNs) with the same archi-
tecture. The development of INNs was inspired by the hierarchical
deep-learning neural network (HiDeNN) framework and its
variants7,17–22, which were originally designed for solving PDEs. INNs
build on this foundation by reinterpreting components of numerical
analysis as machine learning parameters, thereby generalizing their
use for training, calibration, and the solution of various scientific and
engineering problems. The goal of an INN is to create generalizable,
transferable, scalable, and sustainable tools for the next generation
of engineering software.

Curiously, although FEM and DNNs have different origins and
purposes, they share one thing in common: they approximate func-
tions. The former approximates a function with interpolation func-
tions (or shape functions—the frequently used terminology in FEM)
generated from discrete nodal coordinates in the input domain and
with the corresponding nodal values in the output domain, while the
latter constructs a black-box function space using neural networks
parameterized with weights, biases, and activation functions. Never-
theless, it is possible to view a DNN as a general case of interpolation-
based methods, such as FEM where the nodes are shifted from space-
time input domain to a more general input domain that can comprise
any quantity (word embeddings, pixel values, etc.), interconnectivity
of FEM nodes is expressed as computational graph (connectivity in

graph-based networks), and interpolation functions act as the non-
linear activation functions.

On top of this, separating each input parameter dimension with
tensor decomposition (TD)19–21,23 can make INNs scalable. Since the
interpolation functions are interpretable and adaptable (i.e., one can
adjust the basis functions that construct interpolation functions), and
TD is scalable, INNs fuse these ideas to create accurate and sustainable
computational tools.

INNs follow three steps: 1) discretize an input domain into non-
overlapping segments whose bounds are denoted by interpolation
nodes, 2) construct a computational graph with the interpolation
nodes, and formulate interpolation functions similar to message pas-
sing operations in graph-based neural networks24–26, and 3) optimize the
values and coordinates of the interpolation nodes for a given loss
function. Figure 1 illustrates the approach in the 3D input domain.When
the input domain is discretizedwith a regularmesh (see the special case
in Fig. 1), INNs leverage TD to convert the growth rate of the compu-
tational cost to the problemdimension from exponential to linear. INNs
are very flexible in performing 1) data training, 2) PDE solving, or 3)
parameter calibration while using the same architecture. The computer
codes can be found at https://github.com/hachanook/pyinn.

This article discusses the details of constructing an INN and
implementing it to solve several benchmark problems in a purely data-
driven setting, and solving both forward and inverse problems when a
PDE is known. As a demonstrative engineering application of INNs, a
simulation of process variation in laser powder bed fusion (L-PBF) AM is
considered. In L-PBF, a laser is used to melt and fuse layers of metal
powders to build ametal component. As the laser spot size ranges from
50 to 100μm11,27, physical simulations of AM require a sub-10-micron

Fig. 1 | Overview of interpolating neural network (INN) visualized in a 3D input
domain. The INN box illustrates the graph representation of the input domain
discretized with an arbitrary Euclidean mesh (left) and a regular mesh as a special
case (right). Node and edge features are given from themesh. AfterQ-stepmessage
passing, each node j will store an interpolation function N[Q](j)(x). Finally, the read-
out operation sums the product of the interpolation functions N[Q](j)(x) and nodal
values u(j). The superscripts with square brackets [] and parentheses () denote the

message passing step and graph node index, respectively. The interpolation
operator J denotes thatJuðxÞ is a function that interpolates discrete values of u(j).
The INN trainer employs data-driven loss functions (e.g., mean squared error loss
for regression), while the INN solver adopts a residual loss of a partial differential
equation (PDE). A trained/solved INN model can then be employed as a forward
model of a calibrator to solve an inverse problem.
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resolution that challenges most traditional numerical methods12,28. The
required computational resources become prohibitive, particularly
when they are employed to generate training data for a surrogate
model within a vast parametric space. As illustrated in Fig. 2, the INN
presents a new direction toward part-scale AM simulations for online
manufacturing control, demonstrating performance gains by orders of
magnitude. The article also conducts various numerical experiments
that cover computer science and engineering domains to demonstrate
the superior capabilities of INNs in training, solving, and calibrating.

Results
Discretization of the input domain
Consider a regression problem that relates I inputs and L outputs. The
first step of an INN is to discretize the input domain in the I-dimen-
sional Euclidean space into a mesh, which can be as general as an
unstructured irregular mesh or as specific as a structured regular
mesh. In any case, a mesh in the Euclidean space can be readily
represented as a graph—the most general form of a discretized input—
as illustrated in Fig. 1. The graph nodes in an INN are arbitrary points in
the input domain, which are irrelevant to the data structure. This is a
key distinction of an INN from the graph neural network (GNN), which
will be elaborated upon in the following discussion.

Suppose there are J nodes (or vertices) and E edges in the graph,
where the input domain is discretized with C non-overlapping seg-
ments. Each segment occupies a subspace of the I-dimensional input
domain. Each node (e.g., node j) has features: nodal coordinates ðxðjÞ 2
RI Þ and values ðuðjÞ 2 RLÞ. The superscript with parentheses refers to
the graph node index. An edge that links node j and k has a feature e(j,k)

that stores indices of segments connected to the edge. For example,
when I = 3, L = 2, node 10 in Fig. 1 stores xð10Þ = ðxð10Þ

1 , xð10Þ2 , xð10Þ3 Þ and
uð10Þ = ðuð10Þ

1 ,uð10Þ
2 Þ. The edge connecting nodes 30 and 12 stores

e(30, 12) = {5, 7}.

Constructionof INN interpolation functions viamessagepassing
Once the input domain is properly discretized, INNmessage passing is
conducted to build an interpolation function on each graph node. A

typical message passing in a graph-based neural network returns a
hidden state for each graph node, which is essentially a tensor
(including matrix and vector)24. In contrast, the INN message passing
returns a function (i.e., interpolation function N(j)(x), or often called
shape function in FEM) for each node (j = 1, …, J) as a hidden state. A
generalQ-stepmessage passingof an INN,M½q�ð*Þ, canbe expressed as:

N ½q�ðjÞðxÞ=M½q� xðjÞ, fxðkÞ, eðj, kÞjk 2 N sðjÞg,N½q�1�ðjÞðxÞ
� �

,

q= 1, � � � ,Q, N ½0�ðjÞðxÞ=0
ð1Þ

where N sðjÞ is a set of neighboring nodes of the center node j with s
connections (i.e., s-hops, see Fig. 3 andSupplementary Information (SI)
Section 1.1 for high-dimensional cases). The operation M½q�ð*Þ
constructs an interpolation function N[q](j)(x) for a graph node x(j) using
neighboring nodal coordinates and edge information, x(k), e(j,k), and the
interpolation function of the previous message passing, N[q−1](j)(x).

It is worth noting that the interpolation functions used through-
out this article satisfy the Kronecker delta property, i.e.,N[q](j)(x(k)) = δjk,
meaning that the INN function space exactly passes the interpolation
points. However, this condition may be relaxed depending on the
specific problem and the chosen interpolationmethod. For instance, if
the training data is highly noisy or spline basis functions are used, this
condition may no longer be necessary.

With a single message passing (Q = 1) and s = 1 hop, the INN mes-
sage passing degenerates to the standard FEM linear shape function
(or Lagrange polynomials of order P = 1). As illustrated in Fig. 3 (left), it
is themost localized approximationof an INN. In this case, themessage
passing operation at node j = 3 is written as:

N½Q= 1�ðj = 3ÞðxÞ=M½Q= 1� xðj = 3Þ, fxðkÞ, eðj = 3, kÞjk 2 N s = 1ðj =3Þg
� �

,

=

x�xð2Þ
xð3Þ�xð2Þ x 2 Að2Þ

xð4Þ�x
xð4Þ�xð3Þ x 2 Að3Þ

0 otherwise

8><
>:

ð2Þ

where A(c) refers to the region of segment c; e.g,. A(2) = [x∣x(2) ≤ x ≤ x(3)].
One can progressively enlarge the support domain and the

approximation capability of an interpolation function by adding
message passing with a higher hop. For instance, the second message
passing with s = 2 hop constructs compact-supported interpolation
functions with higher nonlinearity. This is theoretically equivalent to
the generalized finite element method (GFEM)29 and convolution
hierarchical deep-learning neural networks (C-HiDeNN)7,20. The mes-
sage passing with amax-hop (Fig. 3, right) can evenmake it a non-local
approximation where the support of interpolation functions occupies
the entire input domain, mimicking meshfree methods that exhibit
superconvergence (i.e., faster convergence rate than the complete
order of polynomial basis)30–32. Depending on the choice of inter-
polation technique, other hyperparameters can be involved inM½q�ð*Þ,
such as the activation (or basis) function and dilation parameter7,20.
This enables adaptive update of INN interpolation functions during
training to improve accuracy (see SI Section 2.2). A more compre-
hensive discussion on functional approximation through interpolation
theory and subsequent solvers can be found in refs. 33–35. See SI
Section 1 for various choices of the message passing operation.

Regardless of the choice of interpolation technique for the mes-
sage passing, the global DoFs (i.e., number of nodes) remain constant.
INNs adapt nodal connectivity through the adjacency matrix and basis
functions to reproduce almost any interpolation technique available in
numerical methods. The compact-supported interpolation functions
enable INNs to be optimized locally and promptly, making INNs dis-
tinguishable from MLPs. Since an MLP is a global approximator, INNs
with compact-supported interpolation functions 1) converge faster

Fig. 2 | A 3D-space, 4D-parameter, and time (i.e., 8 inputs) parameterized heat
transfer equation is solved with INN to simulate a 10 mm single-track laser
powder bed fusion (L-PBF) metal AM. Detailed problem definition and explana-
tion can be found in the Discussion section. We compare the single-scale finite-
difference method (FDM) solver28, the variational multiscale FEM solver12, and the
INN solver with CANDECOMP/PARAFAC (CP) decomposition and Q = 2. The data
points for thefirst twomethodswithdashedmarker edges areestimatedas they are
intractable with a single GPU, while those of INN with a solid marker edge are
computed. All benchmarks were conducted with a single GPU, NVIDIA RTX A6000
GPU with 48GB VRAM.
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than MLPs with the same number of trainable parameters, and 2)
facilitate training on a sparse dataset.

INN forward pass
During the forward propagation, an input variable x 2 RI enters each
graph node’s interpolation function N[Q](j)(x), followed by a graph-level
readout operation:

JuðxÞ=
XJ

j = 1

NðjÞðxÞuðjÞ, x 2 RI ,u 2 RL, ð3Þ

where the superscript [Q] is dropped for brevity (i.e., N[Q](j)(x) =N(j)(x)).
The interpolation operator J will designate an interpolated field out-
put throughout this paper. The readout operation can be written as a
matrix multiplication:

JuðxÞ=
j j j j

uð1Þ uð2Þ � � � uðJÞ

j j j j

2
64

3
75 �

Nð1ÞðxÞ
Nð2ÞðxÞ

..

.

NðJÞðxÞ

2
666664

3
777775 =UX ðxÞ, ð4Þ

where uðjÞ 2 RL,U 2 RL× J ,X ðxÞ 2 RJ . The matrixU is a horizontal
stack of nodal values u(j), whileX ðxÞ is a vectorized function of x that is
parameterized with nodal coordinates x(j) during the message passing
operation.

The graph node features (i.e., coordinate (x(j)) and value (u(j))) are
trainable parameters of the INN. If the nodal coordinates (x(j)) are fixed,
one can find nodal values (u(j)) without changing the discretization of
the input domain. If the nodal coordinates are also updated, the
optimization will adjust the domain discretization similar to
r-adaptivity in FEM17,18. Once the forward propagation is defined, the
loss function is chosen based on the problem type: training, solving, or
calibrating (see Method Section for details).

TD for model order reduction and scalability
When the input domain is discretized with a regular mesh, as illu-
strated in the special case of Fig. 1, we can significantly reduce the
trainable parameters (or degrees of freedom, DoFs) by leveraging TD23

that makes INN scalable. Here, we introduce the two widely accepted
TD methods: Tucker decomposition36,37 and CANDECOMP/PARAFAC
(CP) decomposition38–40.

One of the widely used TD methods is Tucker decomposition36,37.
It approximates a high-order tensor with Ji nodes in i-th dimension as a
tensor contraction between dimension-wise matrices and a core ten-
sor G, which has the same order of the original tensor but with smaller
nodesMi (<Ji). TheMi is often called a “mode” to distinguish it from the
original node Ji.

Consider a three-input (I = 3) and one output (L = 1) system, and
assume the input domain is discretized with J = J1 × J2 × J3 nodes, as
shown in the special case box of Fig. 1. To facilitate tensor notation,
the nodal values will be denoted with left/right super/sub scripts,
m
i
uðjÞ
l , where i 2 NI is the input index, m 2 NMi is the mode index,

l 2 NL is the output index, and j 2 NJi is the nodal index.
The interpolated field J uðxÞ 2 RL= 1 can be represented as a

Tucker product:

J uðxÞ= ½½G; ðJ
1
uÞ

T

, ðJ
2
uÞ

T

, ðJ
3
uÞ

T

��

=G × 2
1 ðJ 1

uÞ
T

× 2
2ðJ 2

uÞ
T

× 2
3ðJ 3

uÞ
T

,

ð5Þ

where the core tensorG 2 RM1 ×M2 ×M3 is a trainable fullmatrix typically
smaller than the original tensor that compresses the data. Here,A× b

aB
denotes the tensor contraction operation between the a-th dimension
of tensorA and the b-th dimensionof tensorB. TheJ

i
uðxiÞ 2 RMi × 1 is

one-dimensional (1D) interpolated output of ith input dimension over
Mi modes represented as:

J
i
uðxiÞ=

1

i
uð1Þ 1

i
uð2Þ � � � 1

i
uðJiÞ

2

i
uð1Þ 2

i
uð2Þ � � � 2

i
uðJiÞ

..

. ..
. ..

. ..
.

Mi

i
uð1Þ Mi

i
uð2Þ � � � Mi

i
uðJiÞ

2
666666666664

3
777777777775
�

Nð1ÞðxiÞ
Nð2ÞðxiÞ

..

.

NðJiÞðxiÞ

2
666664

3
777775

=
i
U × 1

2 i
X ðxiÞ= i

U
i
X ðxiÞ,

ð6Þ

where
i
U 2 RMi × Ji and

i
X ðxÞ 2 RJi . As illustrated in the special case

box of Fig. 1, the message passing (blue arrow) only happens in the
axial directions, yielding 1D interpolation functions: NðJiÞðxiÞ.

When there is more than one output (L > 1), the interpolated field
becomes a vector of L elements:

JuðxÞ= J u1ðxÞ,J u2ðxÞ, � � �J uLðxÞ
� �

, where

J ulðxÞ= ½½Gl ; ðJ 1
ulÞ

T

, ðJ
2
ulÞ

T

, ðJ
3
ulÞ

T

��

=Gl ×
2
1 ðJ 1

ulÞ
T

× 2
2ðJ 2

ulÞ
T

× 2
3ðJ 3

ulÞ
T

,

ð7Þ

Fig. 3 | Graph representationand the correspondingadjacencymatrixof a 1D inputdomaindiscretizedwith 5 segmentsand6nodes.The functionN[Q](j)(x) is the INN
interpolation function at node j after Q message passing. The N sðjÞ is a set of neighboring nodes of the center node j with s connections (or s-hops).
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where J
i
ul 2 RMi × 1. The trainable parameters are the core tensors

Gl 2 RM1 ×M2 ×M3 , l = 1, . . . , L, and the nodal values

i
U l 2 RMi × Ji , l = 1, . . . , L, yielding a total count of LðQI

i Mi +
PI
i
MiJiÞ

that scales linearly with the nodal discretization Ji, the number of
modes M, and the number of outputs L.

Tucker decomposition can be further simplified to CANDECOMP/
PARAFAC (CP) decomposition38–40 by setting the core tensor G as an
order-I super diagonal tensor:G 2 RMI

,M =M1 =⋯ =MI, all zero entries
except the diagonal elements. If we further set the diagonal elements
of G to be 1, the Tucker decomposition in Eq. (7) becomes:

JuðxÞ=
XM
m= 1

J m

1
uðx1Þ � � � � � J m

I
uðxI Þ

� �
, ð8Þ

where J m
i
uðxiÞ 2 RL and ⊙ represents multiplication in elements. In

CP decomposition, the core tensor is no longer trainable; thus, the
total trainable parameter becomes ML

PI
i Ji. If the 1D interpolated

fields J m
i
uðxiÞ are constructed with Q = 1 message passing, Eq. (8)

degenerates to the HiDeNN-TD19. The Q = 2 nonlinear INN approxima-
tion fields are called C-HiDeNN-TD20.

It is important to note that both Tucker and CP decomposition
replace a high-dimensional interpolation with one-dimensional inter-
polations that dramatically reduce the number of trainable parameters
(or DoFs). As given in Table 1, the number of trainable parameters of
the full interpolation scales exponentially with the input dimension I,
whereas the Tucker and CP decomposition scales linearly with I.
Considering the number of trainable parameters of multi-layer per-
ceptrons (MLPs) scales quadratically with the number of hidden neu-
rons, while that of INNs always scales linearly with themodeM, input I,
output L, and discretization J, INNs with TD may dramatically reduce
the model complexity and computing requirements. Therefore, INNs
can be a sustainable alternative to traditional AI models.

However, the reconstructed basis using TD loses expressibility
because of the separated variables. There is no cross-term in the
functional space of TD. Nevertheless, we can transform this into an
advantage by enriching the 1D approximations with adaptive activa-
tion (see SI Section 2.2) for the Q-step message passing. Therefore, we
can find a hybrid architecture that preserves the advantages of
numerical methods (i.e., FEM) and neural networks while acknowl-
edging that it loses something from both.

Relevance to GNNs
GNNs have been widely applied to various machine learning tasks
involving graph-structured data41,42. These tasks are typically categor-
ized into three levels: node-level, edge-level, and graph-level learning.
INNs, on the other hand, leverage the graph structure to construct a
network architecture, but the graph nodes do not have to conform to
the data structure. They are arbitrary interpolation points in the input
domain. Furthermore, an INN generally performs graph-level predic-
tions; given an input x, it predicts an outputuby summing the product
of interpolation functions and interpolation values (see Eq. (4)). In SI
Section 2.7, we present a benchmark involving the training of 3D FEA

simulation results and compare the problem formulations and training
outcomes across MLP, GNN, and INN models.

Relevance to PGD
INNs with CP TD have remarkable similarity with the proper general-
ized decomposition (PGD), which will be elucidated in two different
aspects: function approximation and solution schemes.

PGDs can utilize any functional space that admits the CP decom-
position form (see Eq. (8)). Thus, an INN employing CP decomposition
becomes functionally equivalent to the PGD. However, the INN fra-
mework was developed from a broader perspective: starting from
general, non-separable function approximations and later incorpor-
ating structured decompositions such as Tucker and CP decomposi-
tion to effectively handle input domains discretized on regular grids.
From the function approximation standpoint, the PGD can therefore
be viewed as a subset of the INN.

In terms of the solution scheme, we further divide our discussion
into the PDE solver and the data-driven trainer. For PDE solving, the
general rule of PGD is to find solutions mode by mode and in a
decomposed space (1D or low-dimensional space) for eachmode. This
is often referred to as subspace iteration43. The INN solver, on the other
hand, generally solves for all modes and dimensions at once. Detailed
solution scheme of the INN solver can be found in SI Section 4.2 and44.

Similarly, the general rule of an INN trainer is to optimize the
entire trainable parameters simultaneously, akin to how weights and
biases are jointly updated in MLPs during backpropagation. However,
alternative optimization strategies are certainly possible. For example,
one could train the INN sequentially by mode or by input dimension
(similar to the way the PGD solves a PDE), or optimize a set of modes
together, followedby optimizing another set ofmodes. Exploring such
customized training schemes is a promising direction for future work.

Benchmarking INN trainer
To highlight INN’s advantages in speed (epoch at convergence) and
storage (number of parameters) over MLP, we introduce a benchmark
problem: a 10-input 5-output physical function45, (see SI Section 2.4 for
details). Using this equation, we randomly generate 100,000 data
points using a Latin hypercube sampling. The dataset is split into 80%
and 20% for training and testing, respectively.MLPswith two and three
hidden layers and with a sigmoid activation are tested, while INNs with
CP decomposition, two (Q = 2) message passing, and s = 2, P = 2 poly-
nomial activation are adopted. To investigate the convergence beha-
vior depending on the number of parameters, we set the stopping
criteria as training mean squared error (MSE): 4e-4 and counted the
epoch at convergence. Since the physical function is deterministic (no
noise) andwedrewa sufficiently largenumber of data, no considerable
overfitting was observed.

Figure 4a reveals that given the same number of trainable para-
meters, INNs converge significantly faster thanMLPs. For instance, the
INN (4 seg., 10 modes) with 2500 parameters converged at the 19th
epoch, while the MLP (2 layers, 40 neurons) with 2285 parameters
converged at the 253th epoch. MLPs with more parameters tend to
stop at earlier epochs, however, even the largest MLP (3 layers, 100
neurons) with 21,805 parameters converged at the 45th epoch, while
that of INN (10 seg., 14modes)with only 7700parameters converges at
the 14th epoch. Notice that all benchmarks were conducted using

Table 1 | Number of trainable parameters (or degrees of freedom, DoFs) of full interpolation, Tucker decomposition, and CP
decomposition for an I-input single output (L = 1) relationship

Full
interpolation

Tucker
decomposition

CP
decomposition

Trainable
parameters

QI
i Ji QI

i Mi +
PI
i
MiJi M

PI
i
Ji

The input domain is discretized with a regular grid of J1 × J2 ×⋯ × JI discretization. We assume that the nodal coordinates (x(j)) are fixed.
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NVIDIA RTX A6000 GPU with 48GB VRAM, and the training time per
epoch for INN and MLP was indistinguishable (around 1 second per
epoch). This benchmark demonstrates that the INN trainer is light-
weight and fast-converging compared to traditionalMLPs, underlining
the sustainability and scalability of INNs. Other benchmarks of the INN
trainer are elucidated in SI Section 2: SI Section 2.2: Adaptive INN
activation function, SI Section 2.3: Training one-input two-output
function, SI Section 2.5: Four-input one output battery manufacturing
data, SI Section 2.6: Spiral classification, and SI Section 2.7: Learning
FEA simulation results. We highlight SI Section 2.2, where the INN
interpolation functions are updated during training to enhancemodel
accuracy. This demonstrates INN’s capability of adaptive activation
function, a widely accepted concept in AI and the scientific machine
learning literature46,47. SI Sections 2.3, 2.5, and 2.6 demonstrate INN’s
generalizability for unseen data and fast convergence. An in-depth
discussion on the choice of INN hyperparameters is provided in SI
Section 2.10. To reproduce the benchmarks, readers may refer to the
document “Instructions for benchmark reproduction.pdf” or the
tutorial directory of the GitHub repository https://github.com/
hachanook/pyinn.

Benchmarking INN solver
INNs can achieve well-known theoretical convergence rates when
solving a PDE7. In numerical analysis, the convergence rate is the rate at
which an error measurement decays as the mesh refines. This bench-
mark solves a 1D Poisson’s equation defined in the Method Section
with the H1 norm error estimator. It is mathematically proven that a
numerical solution of FEMor any interpolation-based solutionmethod
exhibits a convergence rate of P, which is the complete order of the
polynomial basis used in the interpolation20.

Figure 4b is the H1 error vs. trainable parameters (i.e., degrees of
freedom or DoFs) plot, where the convergence rates are denoted as
the slope of the log–log plot.

INNs with different hyperparameters are studied. As expected
from the convergence theory, the H1 error of INNs with different P
converges at a rate of P. On the other hand, PINNs constructed with
MLP do not reveal a convergent behavior. Only a few theoretical works
have proved the convergence rate of PINNs under specific
conditions48. A PDE solver needs to have a stable and predictable

convergence rate because it guides an engineer in choosing the mesh
resolution and other hyperparameters for achieving the desired level
of accuracy. INN solvers meet this requirement by choosing the right
hyperparameters for the message passing (i.e., construction of the
interpolation function).We also demonstrate the convergent behavior
of INN solvers with and without CP decomposition for a 3D linear
elasticity equation in SI Sections 4.5 and 4.6.

Discussion
Nowwe illustrate how INNs can be applied to advance various facets of
metal AM. Note that the INNwith CP decomposition will be referred to
as INN in this section for brevity. L-PBF is a type of metal AM in which
metal powders are layered and melted by a laser beam to create
objects thatmatch the providedCADdesigns49. The addedflexibility of
L-PBF comes with a huge design space and spatially varying micro-
structure after manufacturing. Therefore, considerable research is
devoted to employing in situ monitoring data for real-time control of
L-PBF processes to minimize the variability and optimize the target
properties50. Computationalmodelingof L-PBF spans the simulationof
the manufacturing process with a high-dimensional design space
(solving), the identification of model parameters from sparse experi-
mental data (calibrating), and the onlinemonitoring and control of the
L-PBF (training).

The governing equation for modeling the manufacturing process
is given by a heat conduction equationwith amoving laser heat source
Sh:

∂ ρcpTðx, tÞ
h i

∂t
� kΔTðx, tÞ= Shðx, t, P,η,dÞ ð9Þ

where the equation involves spatial variables x, temporal variable t,
and four variable parameters: thermal conductivity k, laser power P,
absorptivity η, and laser depth d. For the simplest case of a single-track
laser path, the initial condition is T(x, 0) = T0(x) and the boundary
conditions (BCs) are T = eT in ΓD for Dirichlet BC and ∂T

∂x � n= �q in ΓN for
NeumannBC. The �q includes contributions fromconvection, radiation,
and evaporation on the boundary surfaces. The spatial domain
boundary Γ = ΓD ∪ ΓN. Details of the initial and boundary conditions
can be found in SI Section 4.

Fig. 4 | Benchmark results of INN trainer and solver. a A standard regression
problem is studied. The training stops when the training loss hits the stopping
criteria (MSE:4e-4). We set the same optimization condition: ADAM optimizer;
learning rate: 1e-3; batch size: 128. The number of neurons per hidden layer is
denoted for each MLP data point, while the number of segments and modes are
denoted for each INN data point. MLP used the sigmoid activation function, while
INN with CP decomposition adopted Q = 2, s = 2, P = 2. b A 1D Poisson’s equation is

solved with PINN and INN. PINN is made of a 1-layer MLP with a varying number of
neurons. Randomly selected 10k collocation points are used to compute the PDE
loss.With a batch size of 128, 2000epochs are conductedusing anADAMoptimizer
with a learning rate of 1e-1. INN Q = 1, s = 1, P = 1 with the galerkin formulation is
equivalent to FEM with linear elements. All solvers and trainers are graphics pro-
cessing units (GPU) optimized with the JAX library65.
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Real-time online control of laser powder bed fusion AM
The first application is fully data-driven, where the data are generated
from numerical methods, and the INN trainer is used to develop an
online control system for L-PBF AM. The goal is to maintain a homo-
geneous temperature of the melt pool (i.e., a molten region near the
laser spot) across each layer using real-time sensor data, under the
hypothesis that a homogeneous melt pool temperature across each
layer of material deposition will reduce the variability in the micro-
structure and mechanical properties. The laser power at each point of
a certain layer needs to be controlled (increased/decreased by a cer-
tain amount compared to the previous layer) to achieve this homo-
geneity in the melt pool temperature. The fundamental challenge of
implementing a model predictive control system for such an applica-
tion is the computational resources required for forward prediction
(involving finite element or computationalfluid dynamicsmodels) and
inverse prediction. As illustrated in Fig. 5 on the row for training, the
INN trainer aims to provide a reliable and memory-efficient surrogate
model that can replace computation-heavy mechanistic models in
predictive control systems. In this application, the database is gener-
ated by fusing experiments and computational methods (see SI Sec-
tion 2.8 for details) for aluminum alloy. The online control loop uses
the trained INN models to inform the manufacturing machine. There
are two models: forward model and inverse model.

The forwardmodel uses themechanistic features and the thermal
emission plank (TEP, a representative of themelt pool temperature) to
predict the TEP of the next layer of the build when no correction is
applied. The mechanistic features are precomputed based on the
toolpath and geometry of the build to generalize a data-driven model
for unseen toolpath and geometric features51. The target TEP for the
next layer is the average of the forwardmodel’s outputs (i.e., predicted
TEPs for the next layer) measured at the current layer. The inverse
model takes this target TEP as the input along with the previous layer’s
mechanistic features to predict the required laser power for the next
layer. Finally, the control software calculates howmuch change in laser

power is required at each point, and sends the information to the
machine. The corrected laser power is thenused toprint thenext layer.

The forward model is trained on experimentally observed data,
while the inversemodel is trained on computational data coming from
a finite-difference solver28. The INN model is applied for both forward
and inverse prediction and is compared with the MLP. Figure 5 shows
that for the inverse model, INN is at least 18 times faster to train
compared to MLP to reach the same level of training error, and it
reduced the number of trainable parameters by a staggering amount
of 82%. In SI Section 2.8, the INN inversemodel is dynamically updated
with three different amounts of data. The more data used, the higher
the INN accuracy. The speed-up depends on the amount of data used.
This example highlights the dynamic update capability of INNs.

Calibration of heat source parameters for AM
In this example, an INN calibrates the heat source function Sh in Eq.(9)
for experimental data. A Gaussian beam profile is modeled as a volu-
metric heat source52, which is written as:

Shðx, t,pÞ=
2Pη
πr2bd

e
�2ðx2 + y2 Þ

r2
b � 1fzjztop�z ≤dgðzÞ ð10Þ

where ztop is the z-coordinate of the current surfaceof the powder bed,
and 1 is the indicator function that returns 1 if the condition ismet and
0 otherwise. The notation follows Eq. (9), and rb is the Gaussian
profile’s standard deviation that controls the beam’s width. Following
ref. 11, the heat source parameters d, η, rb are controlled by the
calibration parameters p1, p2, p3 such that d =p1

P
V RHF2, η=p2

P
V RHF2,

and rb =p3
P
V RHF2. Here, V is the laser scan speed, and RHF is a

predetermined residual heat factor based on the laser toolpath53.
The major challenge of this problem is to achieve a highly accu-

rate surrogate model given a sparse set of training data. INNs out-
performMLPs in training these scarce data because they are rooted in
the interpolation theory. For the experimental data, small cylindrical

Fig. 5 | A summary of engineering applications of INNs to additive manu-
facturing (AM) problems. First, a data-driven real-time online monitoring and
feedback control tool is formulated with an INN that uses only 18% training para-
meters ofMLPand is 18-31 times faster thanMLP. The calibration problemdevelops
a reduced-ordermodel of laser powder bed fusion (L-PBF) AM to calibrate the heat

source parameters from experimental data. The error bars denote the standard
deviation of 50 calibrations on each layer. Finally, the INN solver solves a space-
time-parameter heat transfer equation, resulting in a significant storage reduction
and faster simulations (see Table 2 for numerical comparisons).
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samples, ~2mmindiameter and 10mm inheight, are fabricatedusing a
Gaussian laser beam at varying power levels and scanning speeds.
During the process, real-time temperature field data recorded as TEP
are collected for calibration purposes (details of the experiments can
be found in SI Section 3.1). An INN with 1760 trainable parameters is
trained on 28 sets of melt pool temperature data generated by the
finite-difference method (FDM)28 using 4 different power-scanning
speed setups. Later, this trained INN is used as a surrogate to optimize
the three parameters (p1, p2, p3) such that the heat source in Eq. (10)
matches the experimental data. For comparison, a 3-layer MLP with
2689 trainable parameters (roughly the same order of magnitude as
the INN) is trained using the same data. We observed that INNs con-
verge well within 100 epochs, while MLPs require over 1000 epochs to
converge to a test MSE 10 times larger than the INN, given all other
setups are the same. Details on this training and calibration process are
provided in SI Section 3.1.

The INN- (definition of the INN calibrator can be found in the
Method Section) and MLP-based calibrations are repeated 50 times to
provide a statistical comparison (see Fig. 5). Even with only 28 sets of
simulation data, the calibrated parameters using the INN produce a
mean melt pool temperature within a 7.9% difference of the experi-
mental data. In contrast, the parameters calibrated from the MLP
surrogate producea difference of 44.1%,which is unsatisfactory. This is
expected since MLP is a general model requiring a large amount of
data to achieve a reliable representation of the problem. On the other
hand, the INN achieves a much lower difference, showing that the
model can learn underlying physics even with a scarce dataset.

Solving high-dimensional space-parameter-time heat equation
INNs can also be utilized as a solver to directly obtain the surrogate
model of the AM process involving Space-Parameter-Time (S-P-T)
dependencies without generating training data. In this case, an INN is
used as a parametric interpolation function in the S-P-T solution space
that satisfies the governing physical equation and corresponding
boundary/initial conditions. Here, we showcase the power of INN by
solving a single-track scan in the L-PBF process. The domain size is
10mm× 5mm× 2.5mmwith amesh resolution of 8μm.The laser scan
speed is 250mm/s. We are interested in obtaining the temperature
field, which not only depends on space x and time t but also on the
laser andmaterial parameters p. In other words, the surrogate model f
is a mapping from the S-P-T continuum to the temperature
field: f : =R8 ! R.

The surrogate model f can also be obtained using the standard
data-driven approach. In the offline stage, training data are generated
by repeatedly running numerical solvers (such as FDM or variational
multiscale method (VMS)) in the Space-Time domain with different
sets of parameters p. Then, a surrogate model is trained with the data.
The data-driven approach suffers from the curse of dimensionality
when the parametric space is high-dimensional, resulting in expensive
computation for repetitive data generation, huge memory costs for
running full-scale simulations, and excessive disk storage of offline
training data. We estimate the time and storage required for the data-
driven approaches with FDM and VMS, as shown in Table 2 and illu-
strated in Fig. 2.

Unlike the data-driven approaches, INN solvers treat the para-
meters p as additional parametric inputs. As a result, INNs obtain a
parametric surrogate model f = u(x, p, t) directly from the governing
equation without going through the cumbersome offline data gen-
eration and surrogate model training. Different solution schemes can
be used to obtain the PDE solution, such as PGD54, which solves the
solution mode-by-mode, or TD, which solves all modes
simultaneously19,44 (see SI Section 4.2 for details). As can be seen from
Table 2, INN is projected to be 108 and 105 faster than FDM and VMS,
respectively, for offline data generation. Moreover, INN requires sig-
nificantly smaller storage as opposed to offline-online data-driven
methods. Therefore, INN can exhibit good sustainability for high-
dimensional, large-scale PDEs.

Furthermore, our results prove that the INN solution (or the S-P-T
surrogate model) achieves an exceptionally high accuracy of
R2 = 0.9969, considering that most data-driven approaches for S-P-T
problems trained on numerical simulation data suffer from lowmodel
accuracy, typically below R2 = 0.955. It is worth mentioning that the
physics-informed neural networks (PINNs) can handle the S-P-T pro-
blem similarly to the INN solver. However, the number of collocation
points scales exponentially with the number of inputs, and our pre-
liminary study revealed that PINN fails to converge for the same
8-dimensional S-P-T problem after consuming considerable compu-
tational resources (see SI Section 4.4). This certifies that the INN has
good generalizability to achieve high accuracy, as classical numerical
algorithms can solve high-dimensional problems that classical
numerical methods cannot solve.

Summary and future directions
This article demonstrates that INNs can train, solve, and calibrate sci-
entific and engineering problems that are extremely challenging or
prohibitive for existing numerical methods and machine learning
models. The keys to INN’s success are 1) it interpolates nodal values
with well-established interpolation theories and 2) it leverages the TD
for model order reduction. Due to the reduced number of parameters
without compromising predictive accuracy, INNs become an efficient
substitute for MLPs or PINNs.

There are numerous research questions that could generate sig-
nificant interest across various fields, including, but not limited to,
scientific machine learning, applied mathematics, computer vision,
and data science. To mention a few:

• Thus far, the superior efficiency of INNs over MLPs and PINNs has
been clearly demonstrated in learning and solving deterministic
problems, particularly in cases where the number of input and
output variables is relatively low (e.g., fewer than 20). However, it
remains uncertain whether INNs can outperform established AI
models in addressing problems characterized by significant
uncertainty or involving hundreds to thousands of input and
output variables. Indeed, no single AI model consistently out-
performs others across all problem domains. A comprehensive
investigation into the applicability and limitations of INNs across a
broader range of scenarios is required.

• Depending on the problem, INN’s superior training efficiencymay
overfit data. The ensemble training (i.e., training on random

Table 2 | Performance comparison of different surrogate models

Method Resolution (μm) Number of offline simulations Total offline GPU time Storage (GB)

Data-driven (FDM) 25 1 × 108 2600 years 7.82 × 108

Data-driven (VMS) 12.5 1 × 108 9 years 8.79 × 106

INN 8 1 15 minutes 7.37 × 10−2

The INN’s discretization in the 4D parametric space is 1004, so the corresponding sampling points required for the data-driven methods should be 108. The total offline GPU time and storage
requirement of data-driven approaches are estimated from a single run. Detailed explanations for this benchmark can be found in SI Sections 4.3 and 4.4.
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subsets of the training data) might be a way to enhance the gen-
erality of the INN model for real-world data.

• Multi-resolution aspect (i.e., a varying mesh resolution or INN
activation functions across TD modes) of INNs needs to be
investigated. See SI 1.4 for further discussions.

• The interpretability of INNs should be investigated. INNs may
address the challenge ofmodel-based interpretability (a terminol-
ogy defined from56), which involves developing models that are
both simple enough to be easily understood by developers and
capable of maintaining high predictive accuracy.

• Similar to INN solvers, the convergence of INN trainers can be
studied both mathematically and numerically.

• Since INNs can be used as both a solver for physics-based
problems and a function approximator for data-driven problems,
it is of interest to combine the two behaviors into one single
model to solve large-scale problems involving both complex
physics and scarce data, or problems with incomplete mathema-
tical models.

• The superior performance of INN solversmay facilitatemultiscale
analysis in a vast parametric space. One can integrate the S-P-T
INN solver with a concurrent multiscale analysis framework such
as self-consistent clustering analysis57,58 and open a new direction
towards parameterized multiscale analysis.

• The current INN code has been optimized to run on a single GPU.
Since the INN forward pass over multiple modes can be paralle-
lized, multi-GPU programming will further speed up the code.

• Although Tucker decomposition is introduced in the manuscript,
the numerical experiments conducted in this article mostly focus
on the CP decomposition. Theoretically, Tucker decomposition
has a larger approximation space than CP decomposition. Further
studies on the numerical aspects of the Tucker decomposition are
needed.

In this paper, the authors have proposed a formidable research
problem with a lot of avenues to explore in future research, for
example, how to autonomously design the interpolation structure or
how to decide when to use data-driven versus equation solving
approach. The article tackles some of the aspects of the proposed
research, illustrated by concrete examples and programming con-
cepts, but much research remains to be done to obtain its full general
solution and a complete mathematical understanding.

Methods
Loss function of INN trainer
A general INN forward propagation is provided in Eq.(4) as a matrix
multiplication. INN can be used for data training as any other neural
network architecture. While MLPs optimize weights and biases during
training, INN trainers optimize nodal values U = fuðjÞgj = 1, ���, J (and, if
needed, nodal coordinates (X = fxðjÞgj = 1, ���, J)) under a given loss func-
tion and training data. Consider a regression problem with K labeled
data: ðx*

k ,u
*
kÞ, k = 1, ⋯ , K; and x*

k 2 RI ,u*
k 2 RL. The superscript *

denotes the data. An MSE loss function for this regression problem is
defined as:

lossðU ,XÞ= 1
K

X
k

ðJuðx*
kÞ � u*

kÞ
2
: ð11Þ

Finally, an optimization is formulated as follows.

minimizeU ,X lossðU ,XÞ: ð12Þ

Loss function of INN solver
An INN solver generalizes classical numerical methods such as FEM
andmeshfree, as well asmodel order reductionmethods suchas PGD54

and TD19,59. Here, we introduce a formulation with CP decomposition
to solve the generalized space (x)—parameter (θ)—time (t) (S-P-T) PDE,
whose computational cost is prohibitively high for most numerical
methods and machine learning approaches54.

Consider a parameterized space-time PDE:

Luðx,θ, tÞ=0, ð13Þ

where L is the general partial differential operator (can be linear or
nonlinear), x 2 Rd is the spatial input, p 2 Rk is the parametric input,
and t 2 R is the temporal input. The INN solver uses the same neural
network structure as the trainer, but the loss function varies with the
equations to be solved. It is formulated as the weighted summation of
the PDE residual60–62. An INN solution field in the S-P-T domain can be
written as:

Juðx,θ, t;U ,XÞ=
XM
m= 1

J m

x1
uðx1Þ

� �
� � � � � J m

xd
uðxdÞ

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

spatial part

� J m

θ1
uðθ1Þ

� �
� � � � � J m

θk
uðθkÞ

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

parametricpart

� J m

t
uðxtÞ

� �
|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
temporal part

,

ð14Þ

whered and k are the spatial dimension and the number of parameters,
respectively. Similar to the trainer, the goal is to find nodal values U
(and nodal coordinates X, if one wants to adapt the mesh). As a result,
the INN obtains the S-P-T solution by minimizing the loss function:

minimize
U ,X

Z
δu � L Juðx,θ, t;U ,XÞ½ �dxdθdt, ð15Þ

where δu is the weight function that varies with the choice of for-
mulation: Galerkin, Petrov-Galerkin, collocation, least square, etc.
Due to the Kronecker delta property of INN interpolation functions,
Dirichlet boundary conditions and initial conditions can be
strongly imposed. As a result, only the weighted sum residual is
considered in Eq. (14) as a loss function. This distinguishes INNs from
most data-driven PDE solvers that weakly impose these conditions63.
In this paper, we focus on the Galerkin formulation where the
same function space is used for both trial (solution) and test (weight)
functions. The test function can be obtained using the variational
principle:

δuðx, t,θ;U ,XÞ =
XM
m= 1

δJ m

x1
uðx1Þ

� �
� � � � � J m

xd
uðxdÞ

� �

� J m

θ1
uðθ1Þ

� �
� � � � � J m

θk
uðθk Þ

� �
� J m

xt
uðxtÞ

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

variation on x1

+ � � � +
XM
m= 1

J m

x1
uðx1Þ

� �
� � � � � J m

xd
uðxdÞ

� �

� J m

θ1
uðθ1Þ

� �
� � � � � J m

θk
uðθk Þ

� �
� δJ m

xt
uðxtÞ

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

variation on xt

ð16Þ

Plugging Eqs. (14) and (16) into Eq. (15) and leveraging the integration
by parts, integrals of higher order differential operators L can be
transformed into the integration of 1st order derivatives. This is known
as the weak form of the original PDE. This integral can be efficiently
computed using 1D Gaussian integration thanks to CP decomposition.
The exact forms of Eq. (15) depend on the type of PDEs. In this paper,
INN solvers are applied to solve a heat transfer equation in metal AM
and a linear elasticity equation in solid mechanics problems. Detailed
realization of Eq. (15) for the parametric transient heat transfer equa-
tion is introduced in SI Section 4. The results of the INN solver on
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modeling the S-P-T heat equation can be found in the Discussion
Section.

Loss function of INN calibrator
The word calibration in mathematics refers to the reverse process of
regression, where a known or measured observation of the output
variables (u*) is used to predict the corresponding input variables (x*).
By definition, it is analogous to solving an inverse problem in engi-
neering design. To build a good calibrator, having an accurate forward
model is of paramount importance, followed by building a good
optimizer for the inverse problem. A trained or solved INN has the
potential to be a superior candidate for the forward model inside a
calibrator because it is fully differentiable and accurate, equippedwith
fast inference time (~milliseconds). A general formulation of the INN
calibrator is described below:

x* = argmin
x

1
K

X
k

ðJuðxÞ � u*
kÞ

2
, ð17Þ

where JuðxÞ is the trained or solved forward model, u*
k is the k-th

measured observation and x* is the calibrated input variable. The INN
calibrator applied to the heat source calibration task in metal AM can
be found in the Discussion Section, while other benchmarks can be
found in SI Section 3.

1D Poisson’s equation with error estimator
We borrow the manufactured problem first introduced in ref. 17. The
1D Poisson’s equation is defined as:

ΔuðxÞ+bðxÞ=0, x 2 ½0, 10�,
uðx =0Þ= uðx = 10Þ=0, ð18Þ

where Δ is the Laplace operator. The manufactured solution becomes

uðxÞ= ðe�πðx�2:5Þ2 � e�6:25πÞ+ 2ðe�πðx�7:5Þ2 � e�56:25πÞ

� e�6:25π � e�56:25π

10
x

ð19Þ

When the body force is given as:

bðxÞ= � 4π2ðx � 2:5Þ2 � 2π

eπðx�2:5Þ2 � 8π2ðx � 7:5Þ2 � 4π

eπðx�7:5Þ2 : ð20Þ

The H1 norm error estimator is defined as:

k ekH1 = k u� uhkH1 =

R
Ωðu� uhÞ2dx + RΩðdudx � duh

dx Þ
2
dx

h i1=2
R
ΩðuÞ2dx +

R
ΩðdudxÞ

2
dx

h i1=2 , ð21Þ

where uh(x) is the approximated solution.

Data availability
The benchmark data that support the findings of this study are avail-
able from https://github.com/hachanook/pyinn or a released
version64. The code will automatically create the dataset once it is
called.

Code availability
The computer codes used for the benchmarking can be found at
https://github.com/hachanook/pyinn or a released version64. Codes
for AM examples can be provided upon a reasonable request.
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